of the magnitude and the phase of a complex function of a real variable: application to attenuated internal reflection," J. Opt. Soc. Am. A 5, 1187Am. A 5, -1192Am. A 5, (1988 Given a complex function F(w) = IF(w)1expUA(w)] of a real argument w, the extrema of its magnitude lF(C)lI and its phase A(X), as functions of w, are determined simultaneously by finding the roots of one common equation, Im[G(w)] = 0, where G = (F'/F) 2 and F' = aF/lw. The extrema of AF and A are associated with Re G < 0 and Re G > 0, respectively. This easy-to-prove theorem has a wide range of applications in physical optics. We consider attenuated internal reflection (AIR) as an example. In AIR the complex reflection coefficient for the p polarization, rp (-), and the ratio of complex reflection coefficients for the p and s polarizations, p(o) = rp(o)/rj(o), are considered as functions of the angle of incidence 4. It is found that the same (cubic) equation that determines the pseudoBrewster angle of minimum Irpl also determines a new angle at which the reflection phase shift 6p = arg rp exhibits a minimum of its own. Likewise, the same (quartic) equation that determines the second Brewster angle of minimum p I also determines angles of incidence at which the differential reflection phase shift A = arg p experiences a minimum and a maximum. Angular positions and magnitudes of all extrema are calculated exactly for a specific case that represents light reflection by the vacuum-Al or glass-aqueous-dye-solution interface. As another example, the normal-incidence reflection of light by a birefringent film on an absorbing substrate is examined. The ratio of complex principal reflection coefficients is considered as a function of the film thickness normalized to the wavelength of light. The absolute value and the phase of this function exhibit multiple extrema, the first 13 of which are determined for a specific birefringent film on a Si substrate.
INTRODUCTION
Complex functions of real arguments abound in physical optics and electrical engineering. They arise when one considers the steady-state response of a linear system to a timeharmonic (sinusoidal) excitation. The transfer function, defined as the ratio of the complex amplitude of the response to that of the excitation, is a complex function F(w, Pk) of the excitation frequency w and of system parameters Pk (k = 1, 2, 3, ... ). It is natural to write F = IFlexp(JA), where AF denotes the amplitude response and A denotes the phase response. If IFl and A are plotted as functions of X or Pk, one may encounter maxima and minima that represent the salient features of these functions. In this paper a simple theorem' is used to provide an efficient means of locating jointly the extrema of the amplitude and phase responses. As a preliminary application of this theorem, its usefulness is demonstrated in elucidating and analytically determining the extrema of the phase-response functions associated with the attenuated internal reflection (AIR) of a monochromatic plane wave of light at the interface between two media. Finally, another example is given of light reflection at normal incidence by a Si substrate coated by a birefringent film of variable thickness. (2) where the prime indicates the first partial derivative with respect to w, which is suppressed for simplicity. Define the function G as (3) and expand the square of the right-hand side of Eq. (2) to get
PROOF OF A SIMPLE THEOREM

Let
The extrema of IFI and A as functions of w occur when
respectively. If we exclude the case when AF and IFI' vanish simultaneously, Eqs. (5) and (6) give
where the argument w has been reinstated for clarity. be a complex function of a real argument a, expressed in terms of its magnitude (absolute value) IF(w)l and its phase (8) 
Therefore relations (8) and (9) 
APPLICATION TO ATTENUATED INTERNAL REFLECTION
A. Reflection Coefficient for the p Polarization
Consider the reflection of a monochromatic plane wave of light at the planar interface between two homogeneous, linear, nonmagnetic, and isotropic media of dielectric constants Eo and l. The complex amplitude-reflection coefficient for the parallel p (TM) polarization at an angle of incidence q is given by
is the complex relative dielectric constant. We assume a transparent medium of incidence (Eo real) and an absorbing medium of refraction (El complex). If we put
the condition of AIR implies that°
If we write
the extrema of the amplitude reflectance Irpl and the AIR phase shift 6p as functions of ' are determined by Figure 2 shows that bp has a minimum of its own at 03 = 45.836°; the associated minimum AIR phase shift is
bpmmn = 14.28650.
An excellent approximation to 03, denoted by 03a, is given by u = sin2 k (17) and the coefficients of the cubic are determined by complex E as follows;
03a is the arithmetic mean of the nominal Brewster and critical angles that are obtained when the imaginary part of where 0 is the angle of incidence and E is the complex relative dielectric constant of the reflecting interface, as before. p can be written as
where the relative amplitude attenuation lpl(= tan ,6) and the differential reflection phase shift A (= 6p -6S) are measurable by ellipsometry.1 0 From Section 2, the extrema of Ipl and A as functions of A are determined by solving one and the same equation:
Equations (27) and (29) were shown previously" to lead to a quartic equation, 
B. Ratio of Complex p and s Reflection Coefficients
As another complex function of a real variable, consider the ratio of Fresnel reflection coefficients for the p (TM) and s (TE) polarizations' 0 :
E aj ui = 0, i=o where u = sin 2 X, as before, and the coefficients ai are determined by complex e through somewhat involved expressions that are not repeated here. It was thought that Eq. (30) had only one root in the interval 0 < u < 1, namely, the root that determines the second Brewster angle, ' It should be evident that the theorem given in Section 2 has general application to the reflection and the transmission of monochromatic light by multilayer-coated surfaces. It applies not only to the complex amplitude reflectance and transmittance considered as functions of frequency, as in the case of spectral filters, but also to these characteristics when they are viewed as functions of the angle of incidence, the layer thicknesses, and the optical properties.
Other applications are anticipated in the physical optics of propagation, interference, scattering, and diffraction. These are, of course, outside the scope of this paper. and correspond to Re(Uy -U.) 2 values that are >0 and <0, respectively.
As a specific example, we take a Si substrate with complex refractive index N 2 = 3.85 -j0.02 at X = 632.8 nm. 
